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Abstract. Glacier volume response time is a measure of
the time taken for a glacier to adjust its geometry to a cli-
mate change. It has been previously proposed that the vol-
ume response time is given approximately by the ratio of
glacier thickness to ablation at the glacier terminus. We pro-
pose a new conceptual model of glacier hypsometry (area-
altitude relation) and derive the volume response time where
climatic and topographic parameters are separated. The for-
mer is expressed by mass balance gradients which we de-
rive from glacier-climate modelling and the latter are quanti-
ﬁed with data from the World Glacier Inventory. Aside from
the well-known scaling relation between glacier volume and
area, we establish a new scaling relation between glacier al-
titude range and area, and evaluate it for seven regions. The
presence of this scaling parameter in our response time for-
mula accounts for the mass balance elevation feedback and
leads to longer response times than given by the simple ra-
tio of glacier thickness to ablation at the terminus. Volume
response times range from decades to thousands of years for
glaciers in maritime (wet-warm) and continental (dry-cold)
climates respectively. The combined effect of volume-area
and altitude-area scaling relations is such that volume re-
sponse time can increase with glacier area (Axel Heiberg Is-
land and Svalbard), hardly change (Northern Scandinavia,
Southern Norway and the Alps) or even get smaller (The
Caucasus and New Zealand).
Correspondence to: S. C. B. Raper
(s.raper@mmu.ac.uk)
1 Introduction
Global warming is causing increased melt of grounded ice
and contributing to sea level rise (Meier, 1984; IPCC, 2007).
For projections of future sea-level rise, there are two stages
in the modelling of glacier response to climate change (War-
rick and Oerlemans, 1990). Firstly, to calculate changes in
mass balance over present glacier areas (static response) and
secondly to account for the changing glacier area and vol-
ume (dynamic response) that result from the mass balance
changes. Earlier projections of sea-level only took account
of the static response, e.g. as modelled by Oerlemans and
Fortuin (1992) and Oerlemans (1993), while more recent as-
sessments also include attempts to account for dynamic re-
sponse (Van de Wal and Wild, 2001; Raper and Braithwaite,
2006).
The classic approach to changes in glacier volume as a
result of climate forcing is to solve partial differential equa-
tions for glacier dynamics and thermodynamics. This can
be done analytically for simpliﬁed glacier geometry (Nye,
1963) but will generally require numerical methods. Numer-
ical solutions of differential equations are difﬁcult to apply
to the several hundred thousand mountain glaciers and ice
caps that contribute to rising sea level (Bahr, 2009). For
example, Oerlemans et al. (1998) apply dynamic ﬂow mod-
els to 12 glaciers and say “No straightforward relationship
between glacier size and fractional change of ice volume
emerges for any given climatic scenario. The hypsometry
of individual glaciers and ice caps plays an important role
in their response, thus making it difﬁcult to generalize re-
sults”. More detailed dynamic ﬂow modelling of glaciers
willundoubtedly contributetoour betterunderstanding ofin-
dividual glaciers but for an overall view of sea level rise from
glaciers several authors have proposed the alternative use of
more conceptual models with volume-area scaling (Van de
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Wal and Wild, 2001; Raper and Braithwaite, 2006) that can
be applied to a whole spectrum of glacier geometries.
Glacier volume response time is a measure of the time
taken for a glacier to adjust its geometry to a climate change
(J´ ohannesson et al., 1989a; Oerlemans, 2001) and is implicit
in the solution of numerical models, e.g. the response to a
step change in mass balance (Nye, 1963). However, a num-
ber of authors have sought to express volume response time
analytically as a relatively simple function of climate and
glacier geometry (J´ ohannesson et al., 1989a; Raper et al.,
1996; Bahr et al., 1998; Pfeffer et al., 1998; Harrison et al.,
2001; Oerlemans, 2001). Such functions should allow us to
estimate characteristic response times for different glacier re-
gions from their climatic and topographic settings.
The response time τ according to J´ ohannesson et
al. (1989a) is given in Eq. (1):
τ =
H
−bt
(1)
Where “H is a thickness scale of the glacier and −bt is
the scale of the ablation along its terminus” in the words
of J´ ohannesson et al. (1989a). Paterson (1994, p. 320) ap-
plies Eq. (1) to estimate response times for three classes of
glacier: glaciers in temperate maritime climate, ice caps in
arctic Canada and for the Greenland ice sheet. The result-
ing response times are respectively 15–60, 250–1000 and
3000a. The short response time for the ﬁrst class (with
smallest area?) is noteworthy because a theoretical analy-
sis by Nye (1963) concluded that alpine glaciers have re-
sponse times of several hundred years. Paterson (1994,
p. 320–321) cites the classic graph of percentage advanc-
ing/retreating glaciers in the Alps over the past century as
evidence for quite short response times for Alpine glaciers,
i.e. less than 20a. However, in a comment on our origi-
nal paper, Kuhn (2009) suggests that this graph only shows
short-term variations in mass balance forcing and that we
cannot necessarily infer short response times from this ev-
idence. J´ ohannesson et al. (1989b) extend the approach of
J´ ohannesson et al. (1989a) by analysing the apparent discrep-
ancy in response times between their formula, i.e. Eq. (1) in
our paper, and expressions derived by Nye (1963) from kine-
matic wave theory. Apparently “... using kinematic wave
theory involves difﬁcult problems concerning details of be-
haviour at the terminus” (J´ ohannesson et al., 1989b).
Analytical formulations of glacier response time depend
upon conceptual models of the glacier that should be realis-
tic but simple enough to yield an analytical solution. Cal-
lendar (1950 and 1951) was an early pioneer of conceptual
models in glaciology and was able to explain some aspects
of glacier behaviour with “back of the envelope” calcula-
tions. However, there can be a “law of unintended conse-
quences” such that a simpliﬁcation in the model (introduced
to make calculations easier) excludes glacier behaviour that
is relevant to the real world. For example, J´ ohannesson et
al. (1989a) admit that their approach neglects the positive
feedback that arises when an initial mass balance perturba-
tion causes a change in glacier surface altitude such that the
mass balance perturbation changes. Harrison et al. (2001)
address this problem by deriving a form of Eq. (1) that in-
cludes a term that explicitly accounts for changes in glacier
surface altitude. Their derivation is based on the concept of
the glacier reference surface balance described by Elsberg et
al. (2001). One notable difference between their approach
and ours is that they develop their argument in the coordi-
nates of a map projection whereas our treatment looks at ver-
tical proﬁles. The Harrison et al. (2001) approach assumes
that the change in glacier area is in the vicinity of the glacier
terminus, whereas in our approach we consider changes in
the area-altitude distribution.
The thickness scale in Eq. (1) is loosely deﬁned and
J´ ohannesson et al. (1989a) emphasise their approach is only
intended to give order of magnitude estimates and Pater-
son (1994, p. 320) says the distinction “... between the
mean and maximum ice thickness is insigniﬁcant at this or-
der of precision”. In addition, the differing effects of climate
and glacier geometry in Eq. (1) are difﬁcult to separate. For
example, H in Eq. (1) is clearly a geometrical property of
the glacier but bt combines climatic and geometric proper-
ties. We therefore propose an improved derivation of the vol-
ume response time in Raper et al. (1996), where the climate
and geometric parameters are separated, and the latter are
clearly deﬁned so that we can quantify them with data from
the World Glacier Inventory (http://nsidc.org/data/glacier
inventory). Our conceptual model is based upon the sim-
pliﬁed model of glacier hypsometry (area-altitude relation)
used by Raper and Braithwaite (2006), while J´ ohannesson
et al. (1989a) and Oerlemans (2001, Chapter 8) use cross-
sections (altitude versus downstream distance) of uniform
width. Our model treats the mass balance of the whole
glacier rather than mass balance near the terminus. We hope
that our work follows the philosophy that it is “better to think
exactly with simpliﬁed ideas than to reason inexactly with
complex ones” (Nye, 1948).
2 Conceptual model
For a glacier in equilibrium with climate the mean speciﬁc
mass balance, i.e. the area-averaged balance for the whole
glacier (Anonymous, 1969) is zero. Its equilibrium line al-
titude (ELA) is ELA0 and its dimensions are constant with
time (see Table 1 for model notation). The glacier has area
A0 and volume V0. The mass balance is then suddenly per-
turbed by 1b applied over the whole area of the glacier and
the ELA instantly changes to ELA1, and the dimensions of
the glacier slowly change to bring the glacier back into a new
equilibrium state with area A1 and volume V1.
The conceptual model is sketched in Fig. 1. A negative
change in mass balance of the whole glacier is represented
in Fig. 1 by a shift in the balance-altitude proﬁle which we
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Table 1. Description of model parameters.
Parameter Description
1b Change in mass balance (m w.e. a−1)
γ Volume-area scaling parameter (dimensionless)
η Altitude range-area scaling parameter (dimensionless)
τ Response time of glacier (a)
τJRW Response time from J´ ohannesson et al. (1989a) (a)
τRB Response time according to present study (a)
A Area of glacier at any time (km2)
A0 Initial area of glacier (km2)
A1 Final area of glacier (km2)
b Mean speciﬁc balance of glacier (m w.e. a−1)
bt Speciﬁc balance at terminus (m w.e. a−1)
D0 Mean thickness of glacier before change of mass balance (m)
ELA ELA of glacier at any time (m)
ELA0 ELA before change of mass balance (m)
ELA1 ELA after change of mass balance (m)
H Thickness scale of glacier (m)
k Balance gradient (m w.e. a−1 m−1)
R Altitude range of glacier at any time (m)
R0 Initial altitude range (m)
R1 Final altitude range (m)
V Volume of glacier at any time (km3)
V0 Initial volume of glacier (km3)
V1 Final volume of glacier (km3)
assume is linear over the whole glacier. The new ELA of
the glacier, ELA1, depends upon the magnitude of the mass
balance perturbation and the balance gradient k, such that:
ELA1 = ELA0 +
1b
k
(2)
Figure 1 is drawn for a typical glacier in a dry part of the
Alps where a temperature rise of +1K throughout the whole
year causes a mass balance change of −0.66m water a−1
and raises the ELA by 160m (values from the model calcu-
lations for Braithwaite and Raper, 2007). The change in mass
balance for a 1K temperature rise is termed the temperature
sensitivity of mass balance (Oerlemans and Fortuin, 1992:
Braithwaite and Zhang, 1999; de Woul and Hock, 2005).
Equation (2) could be applied to a mass balance change due
to precipitation change and we would then use the precipi-
tation sensitivity of mass balance. For the present paper we
abbreviate ‘temperature sensitivity of mass balance’ to ‘mass
balancesensitivity’becauseweareonlydealingwithtemper-
ature changes.
Our conceptual model is simple but not unrealistic:
1. Balance gradients are not generally constant with alti-
tude on real glaciers, reﬂecting effects of precipitation
variations as well as wind drifting and avalanches. Bal-
ance gradients are also greater in the ablation area and
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Fig. 1. Illustration of conceptual model of mass balance change by
horizontal displacement of a linear relation between mass balance
and altitude. Solid lines show the reference climate state 0, dashed
lines show the new perturbed climate equilibrium state 1. The area
altitude distribution is assumed to be symmetrical and triangular.
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Fig. 2. Mass balance sensitivity and mass balance gradient repre-
sented by the activity index for the seven regions. Error bars are for
±1 standard deviation.
smaller in the accumulation area (Furbish and Andrews,
1984; Braithwaite and Raper, 2007). We assume a
constant balance gradient here to derive an analytical
solution for glacier volume change but for numerical
modelling we can use the degree-day model to calculate
non-linear balance-altitude relations, e.g. as in Braith-
waite and Raper (2007).
2. Figure 1 shows triangular area-altitude distributions that
are symmetrical about the ELA (Raper and Braithwaite,
2006) and we also assume that the glacier retains a sym-
metrical altitude distribution as it shrinks. We return
to these points later in the paper with data from real
glaciers to show these are reasonable ﬁrst approxima-
tions.
3. The apex of the triangle in Fig. 1 is the median altitude
oftheglacier, dividingtheglacierareaintoequalhalves,
and this coincides with the ELA when the glacier is
in equilibrium (Meier and Post, 1962; Braithwaite and
M¨ uller, 1980). For a symmetric area-altitude distri-
bution, the median altitude is also equal to the area-
weighted mean altitude of the glacier (Kurowski, 1893).
4. For a linear balance-gradient, the speciﬁc mass balance
at the median altitude (also the mean altitude) is equal
to the mean speciﬁc mass balance (Kurowski, 1893;
Braithwaite and M¨ uller, 1980) which would be zero in
the case of a glacier in equilibrium.
5. The assumption of linear balance-gradient is not as re-
strictive as it may ﬁrst appear because glacier areas are
generally largest near the median altitude, where there
is maximum ice ﬂux, and smallest at the top and bot-
tom of the glacier where the linear assumption is most
likely to be violated. This means that the area-weighted
averaging of the balance-altitude function gives greatest
weighting to altitudes near the median altitude. The k
parameterinEq.(2)shouldthereforeberegardedasrep-
resenting the balance gradient across the ELA, i.e. the
activity index of Meier (1962) or the energy of glacier-
ization of Shumsky (1947). For many glaciers there is
a strong correlation between mean speciﬁc balance and
ELA and the slope of the regression equation is an esti-
mate of balance gradient (Braithwaite, 1984).
We measure all heights downwards from the upper margin
of the glacier which is assumed ﬁxed when climate changes.
This is a reasonable approximation for valley and mountain
glaciers whose tops are constrained by hard rock topography.
If the ELA rises above the top of the glacier the glacier will
simply disappear before it reaches a new equilibrium (Pelto,
2006). From Fig. 2 in Paul et al. (2004) it can be seen that the
lower margins of glaciers have retreated greatly in the period
1850–1998 while the upper margins have barely changed in
general agreement with our assumption. The assumption of a
ﬁxed upper margin does not hold for ice caps since the max-
imum height of an ice cap changes with the ice cap thickness
and the approach does not therefore apply to ice caps.
As the maximum altitude of the glacier is ﬁxed, shrinkage
of the glacier involves a rise in the minimum elevation, or
a reduction in the altitude range R between maximum and
minimum altitudes of the glacier. As the glacier’s area and
volume shrink towards the new equilibrium state, the half-
range (R/2) moves from R0/2 at the old ELA to R1/2 at the
new ELA. The mean speciﬁc mass balance of the glacier at
any time, b, is then equal to:
b = k
(R1 − R)
2
(3)
Equation (3) follows from Eq. (2) when the initial mass bal-
ance perturbation, 1b, and initial altitude range R0, are re-
placed by the time-evolving variables b and R. Measuring
heights downwards, R is bigger than R1 and b is therefore
negative and tends to zero as R approaches R1.
The mass balance at the glacier terminus (altitude R mea-
sured from the top of the glacier) at any time after the mass
balance perturbation is given by
bt = k

R0
2

− R] + 1b (4)
The mass balance at the terminus is therefore a function of
both climate (balance gradient, k) and glacier geometry (al-
titude range, R) and changes until it achieves a new steady-
state value for R=R1. The value of R1 can be calculated from
Eq. (2) by noting that ELA1=R1/2 and ELA0=R0/2 which
gives:
R1 = R0 + 2

1b
k

(5)
The total change in altitude of the terminus according to
Eq. (5) is twice the change in ELA in Eq. (2). We return
to the issue of the mass balance at the terminus at the end of
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this section and in a later section but start our analysis with
the mean speciﬁc balance. The product of the glacier area A
and mean speciﬁc balance, given by Eq. (3), gives the rate of
change of glacier volume:
dV
dt
= Ak
(R1 − R)
2
(6)
We treat ice dynamics implicitly by using geometric scal-
ing following Chen and Ohmura (1990), Bahr et al. (1997),
Raperetal.(1996, 2000), VandeWalandWild(2001), Raper
and Braithwaite (2006) and Radic et al. (2007, 2008). We
follow others in assuming that volume scales onto area as
V∝Aγ (7)
and we use a scaling relation between altitude range and area
as implemented by Raper and Braithwaite (2006) so that
R∝Aη (8)
Bahr et al. (1997) estimate the scaling index γ in Eq. (7)
from depth-sounding observations on 144 glaciers and ob-
tain an average of 1.36, which is in remarkable agreement
with Chen and Ohmura (1990) who studied fewer glaciers.
Bahr et al. (1997) also quote Russian authors for indices in
the range 1.3 to 1.4. Paterson (1981 and 1994) gives indices
of 1.25 and 1.5 respectively for theoretical proﬁles of ice
caps and valley glaciers. The volume-area scaling of Bahr
et al. (1997) has been criticised as it “correlates a statistical
variable (area) with itself (area in volume)” (Haeberli et al.,
2007; L¨ uthi et al., 2008) but we think it is a good example of
an empirical relation with a sound physical background. The
γ value is greater than unity because average glacier depth
increases with increasing glacier area.
From Eqs. (7) and (8) expressions for A and R can be de-
rived in terms of V and V0, giving:
A = A0

V
V0
 1
γ
(9)
R = R0

V
V0
 η
γ
(10)
Substitution of Eqs. (9) and (10) into Eq. (6) gives a new
form of the volume change equation:
dV
dt
= A0

V
V0
 1
γ
k

R0
2
"
V1
V0
 η
γ
−

V
V0
 η
γ
#
(11)
If we now deﬁne a new volume variable Y by:
Y = V
η
γ (12)
Then Eq. (11) may be written in more conventional linear-
response form involving an e-folding time,τ, as:
dY
dt
=
(Y1 − Y)
τ
(13)
Where Y1 and Y are V
η/γ
1 and V η/γ respectively. Y refers
to the time evolving glacier volume while Y1 refers to the
new equilibrium volume towards which the volume is tend-
ing. The glacier volume response time, τ, is deﬁned as:
τ =

γ
η

D0

2
R0

1
k

V
V0
(γ−1−η)
γ
(14)
where the mean glacier depth D0 equals V0/A0. The last fac-
tor determines how the response time changes non-linearly
with changing volume. However, for a glacier in or near
its reference state, i.e. V≈V0 for small volume changes, the
equation is simpliﬁed because the ﬁfth factor becomes unity:
τ =

γ
η

D0

2
R0

1
k

(15)
This is the form of the equation that we use later in the paper,
but note that the last factor in Eq. (14) can also be used for
calculating the response time for different volumes instead of
redeﬁning the reference values of D0 and R0 (cf. in Table 5).
It is useful to brieﬂy compare our formulation with that of
J´ ohannesson et al. (1989a). A more in-depth comparison is
made in the next section.
In Eq. (15) the ﬁrst factor (γ/η) involves the scaling fac-
tors, the second factor (D0) represents glacier geometry be-
fore perturbation of mass balance, and according to Eq. (4)
the inverse of the third and fourth factors k(R0/2) represents
−bt where bt is the balance at the terminus before perturba-
tion of mass balance. Our response time Eq. (15) can there-
fore be expressed by:
τ =

γ
η

D0
−bt

(16)
Comparing Eq. (16) with Eq. (1) from J´ ohannesson et
al. (1989a), shows that both equations involve a ratio of
glacier depth or thickness to balance at the terminus. In the
next section, we show an alternative approach to Eq. (16)
that allows a closer look at the similarities and differences
between Eqs. (16) and (1).
3 An alternative approach
We start by returning to the deﬁnition of volume response
time τ in J´ ohannesson et al. (1989a):
τ =
∂V
∂B
(17)
Where ∂V is the difference in the steady state volume of the
glacier before and after the mass balance perturbation, and
∂B is the integral of the mass balance perturbation over the
initial area of the glacier. J´ ohannesson et al. (1989a) then
give expressions for these parameters for some simpliﬁed
glaciergeometries. Theircrucialassumptionisthattheinitial
mass balance perturbation of the whole glacier is balanced in
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Table 2. Summary data for the seven glacier regions. Based on data from World Glacier Inventory (http://nsidc.org/data/glacier inventory).
Region Lat/Long Mid-point altitude (m a.s.l.) Glacier area (km2) Number of glaciers
Axel Heiberg Island 78–81◦ N 88–97◦ W 50–2200 11691 1094
Svalbard 77–81◦ N 11–32◦ E 110–955 33121 893
Northern Scandinavia 65–70◦ N 13–23◦ E 290–2080 1441 1487
Southern Norway 60–63◦ N 5–9◦ E 600–2060 1617 921
The Alps 44–47◦ N 60–14◦ E 1750–4060 3056 5331
The Caucasus 41–44◦ N 40–48◦ E 1960–4990 1398 1524
New Zealand 39–46◦ S 167–176◦ W 1030–2770 1158 3137
TOTAL 53481 14387
the new steady state by an area change at the glacier termi-
nus over which the mean speciﬁc mass balance is the initial
mass balance at the terminus bt. We, however, can apply our
conceptual model to Eq. (17) as follows:
∂V = (V1 − V0) (18)
∂B = A0k
(R1 − R0)
2
(19)
Where ∂B refers to the volumetric balance obtained by mul-
tiplying speciﬁc balances from Eq. (3) by glacier area.
Substituting the volume-area scaling Eq. (9) into Eq. (18)
gives:
∂V = V0

A1
A0
γ
− 1] (20)
For relatively small area changes, we can use a truncated
McLaurinseriestoreplace(A1/A0)γwith1−γ [1−(A1/A0)].
Substitutingthislinearapproximationbackinto(20), withre-
arrangement and expressing V0/A0 as the mean depth of the
glacier D0 gives:
∂V = D0γ [A1 − A0] (21)
In a similar way:
∂B = k

R0
2

η[A1 − A0] (22)
Dividing Eq. (21) by Eq. (22) then gives us
τ =
[D0γ]
h
k

R0
2

η
i (23)
This is identical to our original derivation in Eq. (15).
From an inspection of Eqs. (10) and (11) in J´ ohannesson
et al. (1989a), and translating into our notation, his thickness
scale H is given by:
H =

dV
dA

A0
V0

D0 (24)
Where D0 is the mean depth of the glacier. J´ ohannesson et
al.(1989a)evaluatetheexpression(dV/dA)(A0/V0)interms
of analytical solutions for simpliﬁed glacier geometry. We
now evaluate this expression using the volume-area scaling
method that was not available in its present form in 1989.
ExpressingV asV0. (A/A0)γ anddifferentiatingwithrespect
to A, we ﬁnd (dV/dA) (A0/V0)=γ. Therefore:
H = γD0 (25)
Substitution of Eq. (25) back into Eq. (1) gives the response
time of J´ ohannesson et al. (1989a) as:
τJRW =
γD0
−bt
(26)
Where τJRW denotes the response time according to
J´ ohannesson et al. (1989a).
Comparing Eq. (26) with Eq. (16) shows that:
τRB =
τJRW
η
(27)
Where τRB is the response time according to the present au-
thors Raper and Braithwaite.
4 The effects of climate change
The effects of climate change on glacier volume are ex-
pressed by the mass balance sensitivity and the response
time. The former deﬁnes the immediate change in mass bal-
ance caused by a particular change in temperature and the
latter measures the speed at which the glacier volume adjusts
to the climate change. The response time depends upon the
mass balance gradient according to Eq. (15) as well as upon
glacier dimensions.
We use mass balance sensitivities and gradients calculated
with a degree-day model for seven regions (Braithwaite and
Raper, 2007). The degree-day model is applied to the es-
timated ELA for half-degree latitude-longitude grid squares
containing glaciers within each region. The estimated ELA
for each grid square is the average of median altitude for all
glaciers within the grid square. The regions (Table 2) were
chosen for their good data coverage in the World Glacier In-
ventory. They include the ﬁve main glacial regions of Eu-
rope together with Axel Heiberg Island, Canada, and New
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Zealand, which were added to represent the extremes of
cold/dry and warm/wet conditions.
Averageandstandarddeviationofmassbalancesensitivity
and gradient are shown in Fig. 2 for the seven regions. The
mass balance sensitivity and balance gradient both vary by
about an order of magnitude. The mass balance model gives
a very strong negative linear relationship between the mass
balance sensitivity and the mass balance gradient (r=−1.00)
with low (negative) sensitivity and low gradient in dry-cold
conditions and high (negative) sensitivity and high gradient
in wet-warm conditions. The physical basis for the relation-
ship is that the mass balance sensitivity is a change in the
mass balance due to a temperature change whereas the mass
balance gradient is a change in the mass balance due to an
altitude change. Thus the relationship between mass balance
sensitivity and mass balance gradient are to a large extent
governed by the temperature lapse rate, see Kuhn (1989).
The link between the mass balance sensitivity and the
glacier volume response time (through the mass balance gra-
dient) has implications for long-term changes in glacier vol-
ume and global sea-level. It means that warm/wet glaciers
with large mass balance sensitivity tend to have a small re-
sponse time whereas cold/dry glaciers with small mass bal-
ance sensitivity tend to have a longer response time. This
behaviour was noted by Raper et al. (2000) in sensitivity
experiments. Thus temperature-sensitive glaciers show the
most rapid response to climate change at present but may not
be the most important contributors to sea level change in the
long term.
5 The effects of topography
In this section, we analyse the World Glacier Inventory data
to estimate the area vs altitude range scaling index values
appropriate for the seven regions with their particular to-
pographic relief. The World Glacier Inventory data mostly
originates from measurements taken in the third quarter of
the 20th Century (∼1950–1975). This was a time of relative
glacier stability and the worldwide mass balance was prob-
ably closer to zero than more recently (Kaser et al., 2006;
Braithwaite, 2009). First, however, we examine the validity
of our assumption of triangular and symmetric area vs alti-
tude distribution.
The World Glacier Inventory is coded according to the in-
structions of M¨ uller et al. (1977). There are data for a to-
tal of 14387 glaciers covering a total area of 53481km2 for
the seven regions (Table 2). Although we do not know ac-
curately the total area of mountain glaciers and ice caps on
the globe because the World Glacier Inventory is still not ﬁn-
ished, the chosen seven regions probably cover less than 10%
of the global total area (Braithwaite and Raper, 2002). For
the present study, the required variables are area, maximum,
minimum, and median elevation and primary classiﬁcation
for each glacier.
The instructions of M¨ uller et al. (1977) actually refer to
mean altitude but their deﬁnition clearly refers to the median
altitude of Braithwaite and M¨ uller (1980), although some
readers may prefer to follow Kuhn et al. (2009) and call
this concept the area-median altitude. We can then compare
the median altitude (as deﬁned by us) with the mid-point al-
titude representing the average of maximum and minimum
glacier altitudes (note that many authors incorrectly use the
term median for the latter). The difference between median
and mid-point altitude is a measure of the asymmetry of the
area-altitude distribution. There are missing data for one or
other altitude for many glaciers. For example, data are not
available at all for median altitude for regions 1, 3 and 4
(Axel Heiberg Island, Northern Scandinavia and Southern
Norway), and for region 6 (Caucasus) the listed median alti-
tudes are identical to the mid-point altitudes. Glacier inven-
tories for these areas were ﬁnished before the instructions
of M¨ uller et al. (1977) were available, thus accounting for
the omission of median elevation (regions 1, 3 and 4) or its
wrong deﬁnition (region 6).
The comparison between median and mid-point altitudes
could be made for 6976 glaciers in three of the seven regions.
However, our conceptual model (Fig. 1) does not apply to
“ice caps” and to “outlet glaciers” and we exclude them from
the data set, i.e. glaciers with primary classiﬁcation equal
to 3 and 4 according to M¨ uller et al. (1977). Median alti-
tude can then be compared with mid-point altitude for 6831
glaciers. On average there is a remarkably good agreement,
with very little difference (mean and standard deviation) be-
tween the two altitudes compared with the altitude range of
glaciers (Table 3). There is also a high correlation and nearly
1:1 relation between the two altitudes (Fig. 3). The assump-
tionofasymmetricalaltitude-areadistributioninourconcep-
tual model is therefore very sound within a few decametres,
e.g. the root-mean-square error of the regression line in Fig. 4
is only ±61m. We believe that glacier area-altitude distribu-
tions may actually be somewhat asymmetric during periods
of advance or retreat but the overall effect (Table 3) is small:
presumably the sample of 6831 glaciers contains a mixture
of retreating, stationary and advancing glaciers.
With a view to modelling the hundreds of thousands of
the worlds glaciers for the sea level contribution of glacier
melt, we are interested in identifying regional differences in
glacier response. Oerlemans (2007) has shown that individ-
ual glaciers adjacent to each other can differ in their response
times due to different geometry. This can be thought of as
noise superimposed on a common signal of glacier response
in a region determined by the regional climate and topogra-
phy. In the empirical derivation of regional scaling indices
that follows, we assume that a typical glacier growing or
shrinking in a region will in general still have its geomet-
rical dimensions governed by that region’s topographical re-
lief. According to the scaling relation Eq. (8), altitude range
is linked to area and we estimate the scaling parameter η by
regression analysis of data from the glacier inventory. There
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Table 3. Asymmetry of altitude-area distributions as expressed by the median and mid-point altitudes for 6831 glaciers (excluding ice caps).
Concept Mean and standard deviation
Difference between median and mid-point altitudes −3±62m
Altitude range 417±340m
Difference/Altitude range −1±12%
0 1000 2000 3000 4000 5000
Mid-point altitude (m a.s.l.)
0
1000
2000
3000
4000
5000
M
e
d
i
a
n
 
e
l
e
v
a
t
i
o
n
 
(
m
 
a
.
s
.
l
.
)
Svalbard
New Zealand
Alps
Fig. 3. Median elevation plotted against mid-point elevation for
6831 glaciers in three regions (excluding ice caps).
are two ways that this could be done: nonlinear regression
with the original data for range and area or linear regression
with logarithms of range and area. Results are fairly similar
but the ﬁrst approach gives a better ﬁt to the larger glaciers.
The non-linear regression of altitude range on area gives a
better ﬁt to the larger glaciers because the root-mean-square
(RMS) errors are given their full weight. When logarithms
are taken the weights are reduced by the corresponding or-
ders of magnitude. The inﬂuence of any observation on the
regression line is related to the “distance” between the obser-
vation and the regression line. Taking logarithms will dispro-
portionately reduce the “distances” for cases with the largest
values. This might allow the (numerous) very small glaciers
to have undue inﬂuence in determining the position of the
best-ﬁt line, to the detriment of its ﬁt to the (fewer) larger
glaciers. The effect is exacerbated by the uneven distribution
of the observations. Only in the case of the ﬁt of the regres-
sion to the observations being perfect, with zero RMS error,
would the ﬁt using both methods be the same. Statistical re-
sults for the nonlinear regression equation R∝Aη are given
in Table 4 for each of the seven regions. The regression lines
from the nonlinear analysis are re-plotted as straight lines in
log-log space in Fig. 4 to illustrate the overall ﬁt of the data.
The estimated values of η in Table 4 are rather similar (0.3
to0.4)forsixoftheregionsbutrelativelylow(0.07)forSval-
bard. The latter is clearly anomalous and must be partly due
to the omission of smaller glaciers (<1km2) from the glacier
inventory compared with the other regions in Fig. 4. As well
as supplying us with estimates of η for our response time
Eq. (15), the regression analysis allows us to identify typi-
cal altitude ranges for a selection of glacier areas to explore
response times for generic glaciers (see below).
6 The volume response time for seven regions
Using the formula for volume response time τ in Eq. (15) we
make calculations for some generic glaciers to illustrate the
effects of differing geometry and climate regime (Table 5).
Results are calculated for glacier areas of 1, 10, 50km2 re-
spectively with corresponding scaled glacier depths of 28, 65
and 117m respectively (for γ=1.36). The altitude ranges for
the generic glaciers are given in Table 5, using the η value
for the region in question.
Some work on response time has suggested it should in-
crease with glacier size, e.g. Table 13.1 in Paterson (1994),
but Bahr et al. (1998) found that under certain conditions
the response time will decrease as size increases. In seem-
ing conﬁrmation of this, Oerlemans et al. (1998) found “No
straightforward relationship between glacier size and frac-
tional change of ice volume”. In our Table 5 response time
does increase with area for regions 1 and 2 (Axel Heiberg
Island and Svalbard), hardly increases in regions 3, 4 and 5
(Northern Scandinavia, Southern Norway and the Alps), and
decreases in regions 6 and 7 (Caucasus and New Zealand).
The reasons for this can be understood by looking at the de-
tailed breakdown in Table 5.
The reciprocal of balance gradient in line 4 of Table 5 has
the units of time (a) and expresses the basic effect of cli-
mate on response time with a range of 102 to 103 a, from the
warm-wet (maritime) climate of New Zealand to the cold-dry
(continental) climate of Axel Heiberg Island. Regions 1 and
2 both represent arctic islands but region 1 is obviously more
continental than region 2. Balance gradients in regions 3, 4,
5 and 6 are quite similar while there is a further jump to the
very maritime climate of region 7. This order of magnitude
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Table 4. Parameter results from non-linear regression between altitude range R and area A for seven regions.
Region R±1SD (m) (range for area=1km2) η±1SD Correlation coefﬁcient Glaciers
Axel Heiberg Island 366±8 0.30±0.008 0.67 777
Svalbard 562±27 0.07±0.014 0.28 271
N Scandinavia 387±0 0.34±0.000 0.72 1307
S Norway 363±5 0.31±0.008 0.72 823
The Alps 710±4 0.35±0.004 0.73 5291
The Caucasus 730±8 0.40±0.007 0.73 1192
New Zealand 729±5 0.37±0.003 0.78 2744
Table 5. Parameters and variables needed to calculate response times for three different values of glacier area in seven different regions.
Regions are (1) Axel Heiberg Island, (2) Svalbard, (3) Northern Scandinavia, (4) Southern Norway, (5) Alps, (6) Caucasus and (7) New
Zealand.
Region 1 2 3 4 5 6 7
Variable Units Symbol
Volume-area parameter γ 1.36 1.36 1.36 1.36 1.36 1.36 1.36
Range-area parameter η 0.30 0.07 0.34 0.31 0.35 0.40 0.37
Thickness-range parameter γ−1−η 0.06 0.29 0.02 0.05 0.01 −0.04 −0.01
Reciprocal of balance-gradient a 1/k 1111 455 250 204 233 208 108
Reference depth for area 1km2 m D0 28 28 28 28 28 28 28
Reference depth for area 10 km2 m D0 65 65 65 65 65 65 65
Reference depth for area 50 km2 m D0 117 117 117 117 117 117 117
Altitude range for area 1 km2 m R0 366 562 388 363 710 730 729
Altitude range for area 10 km2 m R0 723 664 841 744 1592 1853 1727
Altitude range for area 50 km2 m R0 1165 747 1445 1227 2799 3552 3155
Thickness/Range for area 1 km2 − D0/R0 0.077 0.052 0.072 0.077 0.039 0.038 0.038
Thickness/Range for area 10 km2 − D0/R0 0.090 0.098 0.077 0.087 0.041 0.035 0.038
Thickness/Range for area 50 km2 − D0/R0 0.100 0.157 0.081 0.095 0.042 0.033 0.037
Response time for area 1 km2 a τ 771 880 144 138 71 54 30
Response time for area 10 km2 a τ 906 1729 155 156 74 50 30
Response time for area 50 km2 a τ 1012 2766 162 171 76 47 29
climate inﬂuence on the glacier volume response time is then
modiﬁed by geometric factors.
With reference to Table 5, the geometric factor R0 differs
by a factor of 3 between regions 1–4 and regions 5–7 and has
acorrespondinginﬂuenceonthevolumeresponsetimes. The
geometric factor that determines how the volume response
time depends on glacier size is the depth-range ratio, D0/R0
(the middle factors of Eq. 15), which scales as A
γ−1−η
0 . In
Table 5, the index γ−1−η is either small positive or small
negative, aside from anomalous results for region 2 (Sval-
bard). Examination of Table 5 shows that for the regions
with negative index γ−1−η, D0/R0 decreases with increas-
ing glacier area, leading to shorter response times for larger
glaciers in regions 6 and 7.
We suggest that the larger values of η in regions 6 and 7
and the associated larger altitudinal ranges for relatively big
glaciers (for example of area 10km2, which is well within
the data range for all seven regions) are related to regional
topography. High values of η indicate rapidly increasing al-
titudinal range with increasing glacier area and may be asso-
ciated with steeper terrain as suggested by Raper and Braith-
waite (2005, 2006). We hope to explore this issue in a future
study using data from other regions with even greater altitude
ranges.
We are not able to differentiate between different regions
in our volume-area scaling and we simply use the scaling
factor γ=1.36 from Bahr et al. (1997). This means we have
to assume a single glacier depth for a particular area in Ta-
ble 5 but we speculate that a regionally-speciﬁc glacier depth
would further increase the range of response times shown
in Table 5. The reasoning is that glaciers in regions with
high topographic relief, with large altitude ranges, are likely
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Fig. 4. Log-log plot of glacier altitudinal range versus area for dif-
ferent regions. Solid lines are re-plots of the nonlinear regression
curves ﬁtted to the raw data.
to be faster ﬂowing and thinner (smaller D0) than those in
relatively ﬂat terrain, thus further reducing already short re-
sponse times.
7 Discussion
Using an average value (excluding Svalbard) of η of 0.35,
then according to Eq. (27) our response time τRB is about 2.9
times longer than τJRW, the response time of J´ ohannesson et
al. (1989a). An η value of unity (R∝A) is implicit in the
glacier of unit or uniform width with all area changes at the
terminus assumed by J´ ohannesson et al. (1989a). Radic et
al. (2007) also used a glacier of uniform width (and slope) in
a comparison of a ﬂow line model with a scaling model.
As a simple experiment with our conceptual model for tri-
angular area-altitude distribution (Fig. 1), we calculated al-
titude range R1 and the corresponding area-altitude distribu-
tionfordifferentvaluesofη whentheareashrinksfromA0 to
A1. For η>0.5, a large reduction in range to R1 would result
in the dashed line above R1/2, in Fig. 1, being above the solid
line joining the top of the glacier to R0/2. This is equivalent
to a raising of the glacier surface due to thickening in the ac-
cumulation area as the total area is reduced, which is clearly
unrealistic. For η=0.5, the solid and dashed lines above R1/2
in Fig. 1 would coincide, implying no change in area or sur-
face altitude above the new ELA for a change in area from
A0 to the smaller A1. The geometry changes that occur for
η<0.5asshowninFig.1areconsistentwithaloweringofthe
glacier surface due to thinning in both accumulation and ab-
lation areas, when going from A0 to the smaller A1. Thus the
formulation of the model in the vertical area-altitude dimen-
sion allows the mass balance-elevation feedback associated
with both the area reduction and lowering of the glacier sur-
face to be accounted for. Our empirically derived values of
η of 0.3–0.4 are consistent with the geometric expectations
that η<0.5. In accord with our results, Oerlemans (2001,
Table 8.3) found that, when applied to four real glaciers,
his ﬂow line model gave glacier volume response times that
are longer than implied by the J´ ohannesson et al. (1989a)
formula. J´ ohannesson et al. (1989a,b) do realise that their
crucial assumption (see above) means that balance-elevation
feedback is not accounted for and that their response time
estimates may therefore be too short. Harrison et al. (2001)
attempt to correct this by including a term that explicitly ad-
dresses the balance-elevation feedback, but they still assume
that all the area change is close to the terminus. Their treat-
ment may not account for area-altitude changes remote from
the region of the terminus, i.e. in the accumulation area.
Our modelling of both mass balance and glacier area in
the vertical dimension means that the mass balance ele-
vation feedback resulting from both changes in total area
and changes in height of the glacier surface are accounted
for. The situation is not so clear when modelling is orien-
tated along the glacier length (or horizontally) as in Radic
et al. (2008), who say “The scaling methods applied here
include feedback due to changes in area-elevation distribu-
tion, but lack the mass-balance/thickness feedback, i.e. the
glacier area may change, but the thickness along the glacier
proﬁle does not”. We ﬁnd this statement puzzling since logi-
cally changes in the area-elevation distribution should reﬂect
changes in glacier thickness.
Due to lack of data we are not able to estimate regionally
speciﬁc values for γ, though we might expect lower/higher
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values of γ to be associated with lower/higher topographic
relief. This issue should be resolved by extending the dataset
by depth-sounding or other means (Farinotti et al., 2009;
Fischer, 2009) of estimating glacier volume for many more
glaciers, especially in regions with high topographic relief.
We note that changes in sub-glacial hydrology or in thermal
conditions at the glacier bed may also have an effect on γ.
8 Conclusions
We propose a new derivation of the volume response time
where the climate and geometric parameters are separated.
The volume response time depends directly upon the mean
glacier thickness, and indirectly on glacier altitude range and
vertical mass-balance gradient. Our formula can be reduced
to the well-known ratio of glacier thickness to mass balance
at the glacier terminus (J´ ohannesson et al., 1989a) but in-
volves an extra numerical factor. This factor increases our
volume response time by a factor of about 2.9 compared with
that of J´ ohannesson et al. (1989a) and reﬂects the mass bal-
ance elevation feedback.
Volume response time depends inversely on the verti-
cal mass balance gradient so, everything else being equal,
warm/wet glaciers tend to have shorter response times and
cold/dry glaciers tend to have longer response times.
Our model is derived for glaciers whose area distribution
is assumed to be symmetrical around the equilibrium line al-
titude (ELA). It is long known that in steady-state the ELA is
approximately equal to median glacier altitude and we now
conﬁrm that the mid-point altitude is approximately equal to
median altitude.
The scaling parameter between glacier-altitude range and
area varies between regions such that volume response time
can increase with area (Axel Heiberg Island and Svalbard),
hardly change (Northern Scandinavia, Southern Norway and
the Alps), or even get smaller (Caucasus and New Zealand).
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